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Abstract
We construct effective field theories for gapped quantum Hall systems coupled to
background geometries with local Galilean invariance i.e. Bargmann spacetimes. Along
with an electromagnetic field, these backgrounds include the effects of curved Galilean
spacetimes, including torsion and a gravitational field, allowing us to study charge,
energy, stress and mass currents within a unified framework. A shift symmetry specific
to single constituent theories constraints the effective action to couple to an effective
background gauge field and spin connection that is solved for by a self-consistent equa-
tion, providing a manifestly covariant extension of Hoyos and Son’s improvement terms
to arbitrary order in m.
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1 Introduction
The salient property of quantum Hall systems is that their DC Hall conductance σxy and the
charge of the state Q are given by simple functions of the filling fraction ν and the magnetic
flux Nφ = B/2π
σxy =
ν
2π
, Q = νNφ =
ν
2π
B. (1.1)
where B is the magnetic field. It is well known that these properties are accounted for by a
Chern-Simons term in the effective action
SCS =
ν
4π
εµνρAµ∂νAρ. (1.2)
It is also known that quantum Hall systems exhibit a second topological property, the
shift [1]. This new topological quantity is related to a non-dissipative transport coefficient,
the Hall viscosity [2–5]. For a quantum Hall state on a sphere with Nφ units of magnetic
flux the shift S is an offset in the charge of the state,
Q(sphere) = ν(Nφ + S). (1.3)
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More generally on a Riemann surface of genus g, the total charge is
Q(Σg) = ν(Nφ + (1− g)S). (1.4)
Wen and Zee [1] reproduced this by adding a mixed Chern-Simons term to the effective
action,
SWZ =
κ
2π
εµνρωµ∂νAρ where κ =
1
2
νS, (1.5)
and ωµ is the SO(2)-spin connection for local spatial rotations. This term also predicts a
non-dissipative viscosity coefficient ηH called the Hall viscosity
T ij = ηHε
k(iδj)ℓ∂tδhkℓ with ηH =
κB
4π
. (1.6)
The bulk transport in such topological phases of matter was studied in [6, 7] without
assuming Galilean (or Lorentz) invariance. One would expect Galilean invariance to place
further restrictions on the effective action describing quantum Hall systems. The construc-
tion is more subtle systems with Galilean boost symmetry, t → t, x → x − vt, which is
a symmetry of non-relativistic electrons interacting through Coulomb interactions.1 The
key problem is that a single constituent system cannot distinguish between electromagnetic
and gravitational potentials, and hence they must appear together in an effective action.
Unfortunately, while the electromagnetic potential is invariant under Galilean boosts, the
gravitational potential is not (see Sec. 2.2) and so simply replacing the electromagnetic po-
tential by their combination yields an action which is not boost invariant.
A manifestly covariant way to describe Galilean invariant systems is using Newton-Cartan
geometry, developed initially to obtain a covariant description of Newtonian gravity in the
spirit of General Relativity (see Ch.12 of [8] and Ch.4 of [9], and [10] for a detailed set of
references). An early attempt at a Galilean invariant construction of quantum Hall effective
actions is the work of Hoyos and Son [11]. Using the method of non-relativistic general
coordinate invariance, they constructed corrections to the Chern-Simons and Wen-Zee terms
to recover Galilean invariance to a fixed order in a derivative expansion (or equivalently, an
expansion in mass m). Using this method, they showed that in Galilean invariant quantum
Hall states made of quasiparticles of a single charge-to-mass ratio, the shift S (or equivalently
1In real quantum Hall systems there is both an underlying lattice and disorder, both of which break the
boost invariance of the Schro¨dinger equation. We may expect that on large enough scales the ionic lattice
is screened and the disorder self-cancels, there is an approximate Galilean boost symmetry. Alternatively
one may simply consider disorder as additional background data breaking the Galilean symmetry of the
Schro¨dinger equation.
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the Hall viscosity ηH) can be measured via current response to inhomogeneous electric and
magnetic fields. Specifically, the currents are determined by two quantities κ and ǫ′′(B),
jx =
ν
2π
Ey −
(
κ
4πB
− mǫ
′′(B)
B
)
∇2Ey, ji = −ǫ′′(B)εij∂jδB. (1.7)
and therefore these two possible measurements could allow one to experimentally determine
κ and therefore the shift.2 A similar method was used by Gromov and Abanov in [13] to
relate the density-curvature response to the chiral central charge.
A careful look reveals that the description in terms of modified diffeormorphisms of the
electromagnetic potential is simply a consequence of conflating the electromagnetic and grav-
itational potentials (see [10, 14–16] for details or Sec. 2.2 for an overview). Using a set of
local frames and coframes (with which local observers make measurements) and a way to
translate between different frames via local (possibly spacetime dependent) Galilean trans-
formations, one can construct a description of Newton-Cartan geometry in direct analogy
to the coframe/tetrad description of Riemannian and Lorentzian geometry. The structure
of the Bargmann group (the group containing Galilean transformations, spatial and tempo-
ral translations, and a conserved particle number) which describes massive matter systems,
dictates that the gravitational field most naturally arises as a component of an “extended
coframe”. Using this, one can then construct general Bargmann geometries (including tor-
sion) that completely describe the behavior of massive non-relativistic systems in a manifestly
Galilean-covariant manner [10, 14, 17].
The goal of this work is to use the covariant formulation of Bargmann geometry [10, 16]
to describe the effective theory of quantum Hall systems. Thus, our work can be seen as a
generalization of [6] to include restrictions due to Galilean boost symmetry, or as a covariant
formulation of [11] that extends their results to any order in the derivative expansion. We
construct a manifestly Galilean invariant effective action describing the dynamics of a quan-
tum Hall system in a Bargmann spacetime. We show that this recovers the results (1.6,1.7)
of [11]. We also calculate response to homogeneous electric fields to confirm the Kohn-
Luttinger theorem. Since the quantum Hall system can be coupled to general Bargmann
spacetimes (including torsion), this approach also allows us to compute energy currents,
which was not possible before. We confirm that energy currents are purely of the form of an
energy magnetization, as is to be expected from a gapped system.
2The contribution proportional to κ in the first equation coming from the Wen-Zee term was also found
independently by Bradlyn et. al. [12].
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In Sec. 2 we review the non-relativistic Bargmann geometry constructed in [10] and the
definitions of matter currents. We recall the expected symmetries of a single component
microscopic description of the quantum Hall effect in Sec. 3. In Sec. 4 we define an effective
drift velocity due to electromagnetic and gravitational effects for the quantum Hall system
which is manifestly invariant under the symmetries of the microscopic description, and use it
to construct the effective gauge field and Galilean connection that couple to the Hall system
in the effective theory. We propose a manifestly invariant effective action for the quantum
Hall system in Sec. 5, and compare our approach to that of Hoyos and Son (the explicit
computations for the comparison are collected in Appendix A). We collect our results on
the linear response, including the energy currents in Sec. 6.
We will use an abstract index notation for tensors throughout this paper. We use in-
dices µ, ν, λ, . . . denote tensors on spacetime while the indices i, j, k, . . . denote the spatial
coordinate components in a local coordinate system (t, xi). The vector representation of the
Galilean group will carry indices A,B,C, . . . while the representation of spatial rotations will
have indices a, b, c, . . .. The “extended representation” of the Galilean group will be denoted
by I, J,K, . . .. We denote differential forms by a boldface letter when using an index free
notation. Our sign and factor conventions follow those of [18].
2 Overview of non-relativistic geometry
Let us begin with a brief review of Newton-Cartan and Bargmann geometry, the natural
setting for non-relativistic physics. It will be convenient to formulate the geometry in terms of
coframes or vielbeins. Readers familiar with this formulation, and specifically the conventions
of [10, 16], should feel free to skip to Sec. 3.
2.1 Frame formulation of Newton-Cartan geometry
Observers perform measurements with respect to a local set of frames eµA and coframes e
A
µ ,
A = 0, 1, . . . d (here spacetime is d + 1 dimensional and 0 signifies the temporal direction)
of linearly independent vectors and forms, which are left- and right-inverses of each other,
eAµ e
µ
B = δ
A
B, e
µ
Ae
A
ν = δ
µ
ν . Since we want to consider non-relativistic physical systems we
demand that different choices of local frames be related by a local Galilean transformation
as
e′A = ΛABe
B that is
(
e′0
e′a
)
=
(
1 0
−ka Θab
)(
e0
eb
)
. (2.1)
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where ΛAB parametrizes the Galilean group Gal(d) with k
a corresponding to local Galilean
boosts, and Θab ∈ SO(d) corresponding to local spatial rotations. There are two tensors
which are invariant under the action of the Galilean group given by
nA =
(
1 0 . . . 0
)
, hAB =
(
0 0
0 δab
)
(2.2)
In a flat geometry, one may choose frames aligned with an inertial coordinate system
eA = dxA where xA = (t, x1, . . . xd). Changing to another inertial coordinate system t′ =
t, x′a = Θabx
b − kat by rotating by Θab and boosting by a velocity ka performs a constant
Galilean transformation (2.1).
If we wish to take derivatives in a covariant fashion, we also need a spin connection ωAB
valued in the Lie algebra of the Galilean group. Equivalently, the 1-form ωAB satisfies the
algebraic constraints
nAω
A
B = 0, ω
(AB) = 0, (2.3)
and transforms as a connection under Galilean transformations
ω′
A
B = Λ
A
Cω
C
D(Λ
−1)DB + Λ
A
Cd(Λ
−1)CB. (2.4)
The conditions (2.3) are equivalent to nA and h
AB being covariantly constant
DnA = 0, Dh
AB = 0, (2.5)
where covariant exterior derivatives are taken in the usual way on quantities with raised or
lowered indices A,B, . . ., for example
DαA = dαA + ωABα
B, DβA = dβA − βBωBA. (2.6)
The transformation law (2.4) ensures that the covariant derivatives transform properly under
Gal(d).
What local geometry is encoded in this data? Using the invariants (2.2) we can construct
the invariant spacetime tensors
nµ = nAe
A
µ , h
µν = hABeµAe
ν
B. (2.7)
The tensor field hµν is positive semi-definite and serves as a “spatial metric”. It’s kernel is
spanned by the non-vanishing form nµ, which serves as a “temporal metric”
3 sometimes called
3We place this terminology in quotes as neither of these are metrics in the strict sense, since they are
degenerate.
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the clock form. We can also use the invariant totally antisymmetric tensors ǫAB...C , ǫAB...C
to construct spacetime antisymmetric tensors
εµν...λ = eµA . . . e
λ
Cǫ
A...C (2.8)
and similarly for εµν...λ. Here we use the sign convention ǫ
01...d = ǫ01...d = +1.
The spin connection defines a derivative operator via
∇µeAν = ∂µeAν − ΓλµνeAλ = −ωµABeBν . (2.9)
This is a Galilean invariant definition by virtue of (2.1) and (2.4) and the conditions (2.3)
are equivalent to the“metric compatibility” of ∇
∇µnν = 0, ∇λhµν = 0. (2.10)
The data (eA, ωAB) is then equivalent to (n, h,∇), the language in which Newton-Cartan
geometry is usually phrased in the literature.
2.2 The gravitational potential, torsion and Bargmann geometry
There is however an additional background field always present in massive non-relativistic
theories and which we shall get a lot of mileage out of: the Newtonian gravitational potential
V . This also transforms under local Galilean transformations, though the reason is perhaps
subtle. Consider for example a Schro¨dinger field ψ of mass m in flat space coupled to a
gravitational field
S =
∫
dtddx
(
iψ†∂tψ − 1
2m
∂iψ†∂iψ −mV ψ†ψ
)
. (2.11)
The same field in a boosted frame is given by
ψ′(x′) = ei
1
2
mk2t−imkix
i
ψ(x). (2.12)
This ensures the invariance of the Schro¨dinger equation by taking momentum eigenstates of
momentum pi to eigenstates of momentum pi −mki (see for instance [19]).
For an equivalent description, remove the phase factor in (2.12) by a redefinition of fields.
In this picture ψ′(x′) = ψ(x), but
S =
∫
dt′ddx′
(
iψ′†∂t′ψ
′ − 1
2m
|(∂′i − imki)ψ′|2 −m
(
V +
1
2
k2
)
ψ′†ψ′
)
(2.13)
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so that ψ′ is the wavefunction of a system in an external vector potential aµ =
(
−V − 1
2
k2, ki
)
that couples to mass via Dµ = ∂µ− imaµ. This mass gauge field transforms under boosts as
a′0 = a0 −
1
2
k2, a′i = ai + ki. (2.14)
We’ve thus replaced V with a vector aµ that couples to to the U(1) current corresponding
to mass conservation and that transforms in a non-trivial way under boosts. Despite the
additional components we’ve assigned to it, aµ does not in fact contain more information
than V , since d of it’s components are pure gauge. The advantage of this description is
that (2.14) may be generalized to curved spacetimes while (2.12) cannot. Our presentation
began with flat-space Schro¨dinger, but the boost transformation of aµ can be seen in many
ways. It was demonstrated to be equivalent to Son and Wingate’s modified diffeomorphisms
in [14] and derived directly from a coset construction on the Bargmann group in this work
and others [10, 20]. We present the discussion above as an alternate take on what may at
first seem a somewhat unnatural description of Newtonian gravity.
In curved spacetimes and for a general Gal(d) transformation, the generalization of (2.14)
turns out to be a′ = a + kbΘ
b
ae
a − 1
2
k2n. This formula is somewhat inconvenient to work
with directly since it is nonlinear in a. However, if we group a with the coframes eA into a
single object, the transformation is linear and is simply a d + 2-dimensional representation
of Gal(d) called the extended representation4

n′
e′a
a′

 =


1 0 0
−ka Θab 0
−1
2
k2 kaΘ
a
b 1




n
eb
a

 . (2.15)
We shall refer to this object as the extended coframe eI
eI =
(
eA
a
)
, with e′I = ΛIJe
J (2.16)
where ΛIJ is the matrix appearing in (2.15). From here on we shall always denote Gal(d)
vector and covector indices by A,B, . . . and extended indices by I, J, . . . .
4This is in fact natural in the coset construction, where one is forced by consistency to break the generator
M of mass along with the generators PA of spacetime translations which together transform in the extended
representation PI =
(
PA M
)
. The coframe and mass gauge field then come collected together as the
extended coframe in the broken part of the Mauer-Cartan form ωMC = e
IPI + ωIJM
IJ .
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The extended representation also has two invariant tensors
nI =
(
1 0 · · · 0
)
, gIJ =

0 0 10 δab 0
1 0 0

 . (2.17)
The first is simply an extension of nA to one higher dimension, but the tensor g
IJ is actually a
metric of Lorentzian signature. We shall use it throughout to freely raise and lower extended
indices. There is also an invariant projector
ΠAI =
(
1 0 0
0 δab 0
)
(2.18)
which we use to project extended indices to the vector representation or pull back covector
indices to the extended representation. For example
nI = nAΠ
A
I , h
AB = ΠAIΠ
B
Jg
IJ . (2.19)
It is often much easier to work with objects in the extended representation due to the exis-
tence of an invertible metric.
One may define the spacetime torsion in complete analogy with Riemannian geometry
as
TA = DeA. (2.20)
This is known as the first Cartan structure equation and is equivalent to the definition
(∇µ∇ν −∇ν∇µ)f = −T λµν∇λf for any function f .
In the Lorentzian case, the data in the torsion tensor is completely equivalent to that
in the spin connection as it is simply an algebraic equation in TA and ωAB. One may
either consider (2.20) as the definition of torsion given a connection or as determining the
connection given a torsion tensor. This is not the case in the Galilean setting since one of
the components of (2.20) does not involve the connection at all. Contracting with nA and
using the first property in (2.3), we have simply the constraint T 0 = dn. The first structure
equation then does not have enough data to determine the connection given only TA and eA
(there are 1
2
d(d+1)2 components of the connection but only 1
2
d2(d+1) equations constraining
them). In the metric formalism this is equivalent to the statement found throughout the
Newton-Cartan literature that there are many derivative operators with a particular torsion
satisfying the metric compatibility conditions (2.10).
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However, this not a deficiency of the treatment, but rather an essential feature. It is well
known that unlike the relativistic case, Newtonian gravitational effects are not contained
in metric data, but in the part of the derivative operator that is undetermined by them
(see [8–10]). On the other hand, we have claimed above that Newtonian gravity is encoded
in the final component of an extended coframe eI . Let us see how we can retrieve the
description found in [8, 9] from this fact.
Just like the extended coframes eI we have the extended representation ωIJ of the
Galilean connection
ωIJ =


0 0 0
̟a ωab 0
0 −̟b 0

 . (2.21)
Using this we can define the extended torsion tensor (see [10])
T I = DeI = deI + ωIJ ∧ eJ . (2.22)
which in components reads
T I =

nIT
I
T a
f

 =

 dndea + ωab ∧ eb +̟a ∧ n
da−̟a ∧ ea

 (2.23)
Applying the projector ΠAI to (2.22), we retrieve the structure equation for the spacetime
torsion TA = DeA. However, the extended structure equation has one additional compo-
nent and thus precisely the number of equations necessary to solve uniquely for ωAB. The
derivative operator is then completely determined in terms of the extended torsion T I and
the extended tetrad eI .
If we restrict to flat spacetimes with a Newtonian potential eI =
(
dt dxa −V dt
)T
and
torsionless backgrounds T I = 0, one may compute the Christoffel symbols (see [10] for the
relevant formulae) and make a direct comparison with [8]. The only non-zero components
are
Γi00 = ∂
iV. (2.24)
The “free-falling” curves are given by
Xν∇νXµ = 0 =⇒ mx¨i = −m∂iV, (2.25)
where Xµ = x˙µ/(nν x˙
ν) is the tangent vector to a curve xµ(t), precisely the equation of
motion for a massive particle moving in the presence of a gravitational field. This justifies
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our interpretation of a as the Newtonian potential and demonstrates the equivalence of our
description with standard geometrical treatments of Newtonian gravity in their common
domain of application.
Note, that the spin connection ωab is invariant under boosts [10]. In 2 + 1 dimensions
(which is the relevant case for quantum Hall systems), we can construct an abelian S0(2)-
connection as follows. Consider the extended Galilean connection ωIJ where the indices have
been lowered with the non-degenerate metric gIJ
ωIJ =


0 −̟b 0
̟a ωab 0
0 0 0

 . (2.26)
Since nIωIJ = n
JωIJ = 0 we have a unique ωˆAB so that ωIJ = Π
A
IΠ
B
JωˆAB where
ωˆAB =
(
0 −̟b
̟a ωab
)
(2.27)
Then the abelian SO(2)-connection can be defined by
ω =
1
2
nAǫ
ABCωˆBC =
1
2
ǫabωab (2.28)
It can be checked that under a SO(2) rotation by θ this transforms as
ω → ω + dθ (2.29)
while it is invariant under boosts. This form of the spin connection will be useful while
writing down the Wen-Zee term for the quantum Hall system.
2.3 Non-relativistic currents and stress-energy
Given an effective action for the matter fields describing the system, we can define the
currents and stress-energy by varying the action with respect to the background geometry
and electromagnetic fields. Following [16] we define currents by 5
δSeff =
∫
dnx|e| (−τµIδeIµ + jµδAµ) (2.30)
5If the action depends explicitly on the Galilean connection ωIJ , i.e. the matter fields have spin, then
the stress-energy tensor should be “improved” with contributions from the spin current. We only consider
the spinless case in this work and so we do not need these improvements, We defer the analysis of spinful
matter and improved stress-energy to an upcoming paper [21].
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Here |e| = det(eAµ ) is the volume form. The object τµI collects response to spatial metric
perturbations, temporal metric perturbations and the gravitational field. In a Galilean
theory, these have no independent existence since they transform amongst each other as
indicated by the lower index I. However, τµI collects them into a single covariant object
which we call the stress-energy-momentum tensor. In components
τµI =
(
εt −pa −ρt
εi −T ia −ρi
)
, (2.31)
where in terms of the non-covariant parts we have
δSeff =
∫
dnx|e|
(
−εµδnµ − 1
2
Tijδh
ij + paδe
a
t + ρ
µδaµ + j
µδAµ
)
. (2.32)
In a spinless theory, the Ward identity for local Galilean transformations fixes pa = ρa (where
we have used the frames to convert the indices) and so this is not an independent current [16].
Consider a family of observers with velocity uµ (we shall always assume worldlines are
parameterized so that nµu
µ = 1). This extra data allows us to define a metric with lowered
indices
u
hµν by
u
hµνu
ν = 0, hµλ
u
hλν =
u
P µν (2.33)
where here
u
P µν = δ
µ
ν − uµnν acts as a projector orthogonal to both nµ and uµ
nµ
u
P µν = 0,
u
P µνu
ν = 0. (2.34)
The energy current, stress, and mass current measured by this family are 6
εµ = τµIu
I , T µν = −
u
P µλτ
λ
I
u
P νI , ρµ = −τµInI . (2.35)
where
u
P µI =
u
P µνΠ
ν
I . Here u
I is the unique extension of uA =
(
1 ua
)T
to the extended
representation so that uA = ΠAIu
I and uIu
I = 0. Explicitly, we have
uI =


1
ua
−1
2
u2

 (2.36)
where we have denoted u2 = uau
a. Note that the mass current ρµ is the only component of
the stress-energy that can be separated out independently of uµ and thus all observers agree
on.
6The frame-dependent energy current εµ = τµIu
I was originally introduced in [14].
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3 Symmetries of the microscopic theory
We assume that the microscopic theory of the quantum Hall system is given by a sin-
gle component, spinless Galilean covariant field which is minimally coupled to a back-
ground Bargmann spacetime and electromagnetic field. In this case, the electromagnetic
and Newtonian potentials only enter the problem through the gauge-covariant derivative
Dµ = ∂µ− iAµ − imaµ, (where we have assumed unit charge for convenience). For instance,
a spinless Schro¨dinger field with mass m and zero g-factor has the action 7
S =
∫
dnx
(
iψ†Dtψ − 1
2m
|Diψ|2
)
+ interactions. (3.1)
Apart from Galilean invariance, such microscopic actions are independent of the background
Galilean connection ωAB, and additionally, invariant under the combined shift symmetry
8
A→ A+mξ, a→ a− ξ (3.2)
where ξ is an arbitrary 1-form. Upon integrating out the microscopic degrees of freedom,
these symmetries will be respected by the effective action i.e. the effective action SHall has
the following functional dependence on the background geometric and electromagnetic fields
SHall = SHall[e
A,A+ma]. (3.3)
One immediate consequence of the shift symmetry is that the mass and charge currents of
the Hall system are simply related by
ρµ = mjµ, (3.4)
As we will show, since the combination A+ma is not invariant under Galilean boosts, there
are strong restrictions on how we may include it in a boost invariant effective action. These
restrictions lead to the corrections found in [11] for the Chern-Simons and Wen-Zee terms.
The constitutive relations for the current (3.4) are then quite constrained by demanding the
symmetry (3.2). The rest of the paper is dedicated to showing how one can do this in a
manifestly Galilean invariant manner.
7A manifestly Galilean invariant description of the Schro¨dinger field on any Bargmann spacetime was
given in Sec. 3.2 [10].
8We only consider the spinless case for direct comparison with [11]. The inclusion of spin does not change
the logic of our approach but could give rise to additional shift symmetries. A non-zero g-factor however
may break this symmetry. In GaAs, we have g ≈ −0.03, so that this breaking would be very small [22].
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4 The effective drift velocity, gauge field and Galilean
connection
In this section we describe our approach to imposing the shift symmetry (3.2) in our effective
action. One cannot simply write the standard terms for a gauge field using the combined
gauge field A+ma since this combination is not boost invariant,
A+ma→ A+m
(
a+ kae
a − 1
2
k2n
)
. (4.1)
i.e. the Chern-Simons and Wen-Zee terms will not be invariant under Gal(d) if we simply
perform the replacement A→ A+ma. Viewing the boost transformation of the combined
gauge field as a “modified diffeomorphism”, as demonstrated in [14], this is the statement
found in [11] that the Chern-Simons and Wen-Zee terms are not diffeomorphism invariant.
Hoyos and Son [11] solved this problem by correcting these terms order by order in an
m-expansion. With the correction terms included, the action is then boost invariant to the
order in m being considered. We take a different approach, defining a single, boost invari-
ant effective gauge field A by dressing it with appropriate additional contributions from the
background geometric fields. Similarly, we define an effective Galilean connection ω˜AB which
also respects the shift symmetry. The macroscopic description of the Hall system directly
couples only to these effective connections and thus, the effective action we propose (5.3) is
manifestly Galilean invariant to all orders in m. Expanding to first order in m we reproduce
the corrections obtained by [11]. One may now use our formalism to easily construct effective
actions to higher order in derivatives, something that would have been very cumbersome in
the previous approach.
The non-trivial boost transformation (4.1) may be removed in the presence of a preferred
velocity uµ by simply agreeing to always take a to be measured in a frame where eµ0 = u
µ,
denoted as
u
a. Expressed in an arbitrary frame where ua 6= 0, this is
u
a = eIuI = a+ uae
a − 1
2
u2n, (4.2)
where uI is the null extension of uµ discussed in Sec. 2.3. This is invariant under local
Galilean transformations. We can then construct
A = A+m
u
a, (4.3)
which is invariant under (3.2). A corresponds to the improved gauge field of Son [23],
invariant under modified diffeomorphisms, and was stated in this language by Jensen in [14].
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In (4.3) the velocity uµ is arbitrary, but a quantum Hall system (with non-zero magnetic
field) always has a preferred drift velocity
uµ =
1
2B
εµνλFνλ, i.e. u
A =
(
1
ǫabEb
B
)
. (4.4)
Here B = 1
2
εµνλnµFνλ is the magnetic field, invariant under boosts, while the electric field is
Ea = e
i
aFit. One could use this drift velocity to define A in (4.3) and proceed to construct
boost invariant actions. However, this would violate the shift symmetry (3.2) since the drift
velocity uµ refers only to A i.e. it is the drift velocity in an external electromagnetic field.
Next we demonstrate how to construct a preferred effective drift velocity in a manner that
treats the electromagnetic and Newtonian gravitation fields symmetrically so that (3.2) is
preserved.
To begin, assume there exists a preferred velocity uµ constructed from the background
geometric data eI and A, and define the corresponding boost invariant gauge field using this
velocity A = A +muIe
I according to (4.3). This has a Galilean boost and shift invariant
field strength F = dA. Now, consider the drift velocity Uµ determined by this invariant
field strength
Uµ = 1
2Bε
µνλFνλ, where B = 1
2
εµνλnµFνλ. (4.5)
This drift velocity feels both electromagnetic and gravitational forces in a symmetric manner.
The physical principle behind defining Uµ is that a single constituent system (with a single
charge to mass ratio) cannot distinguish between electric and gravitational forces or between
magnetic and Coriolis forces, and so they should appear together in our treatment. For our
construction to be A and ma symmetric, we insist that Uµ is the preferred velocity used to
construct A in the first place i.e. we demand that uµ satisfy the self-consistency equation
uµ = Uµ = 1
2Bε
µνλFνλ with F = d(A+mua). (4.6)
We call a specific solution to this equation the effective drift velocity. This effective drift
velocity determines a Galilean boost and shift invariant effective gauge field A from (4.3).
This construction appeared in [24, 25] in the language of non-relativistic general coordinate
invariance and not in the Newton-Cartan formalism.
On flat backgrounds with no gravitational field (4.6) becomes
m
(
u˙i + uj∂ju
i
)
= Ei + ǫijujB, (4.7)
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which is simply the equation of motion for a charged particle in an external electromagnetic
field. In the limit where the electromagnetic field is static and homogeneous this can be
solved by the drift velocity. In fact, on a general Bargmann spacetime the consistency
equation (4.6) is equivalent to
muν∇νuµ = m(f + uaT a − 12u2dn)µνuν + F µνuν (4.8)
which is the equation of motion for a (unit) charged particle (see Sec.3.1 of [10]). Thus, uµ
defined by (4.6) is simply the velocity of a congruence of noninteracting particles moving
in a curved Bargmann geometry acted upon by electromagnetic, gravitational and torsional
forces.
When the electromagnetic field is homogeneous in flat space a solution to (4.6) is cyclotron
motion about guiding centers at the drift velocity
ui =
(
Ey
B
+∆u sin (ωct + φ)
−Ex
B
+∆u cos (ωct+ φ)
)
, ωc =
B
m
. (4.9)
Note that if ∆u 6= 0, the solution is oscillating about the drift velocity at the cyclotron
frequency, which is inappropriate for constructing a low-energy effective field theory. We will
therefore always choose the solution that is smooth as m → 0 which necessitates ∆u = 0.
This guarantees that our solution will match the electromagnetic drift velocity (4.4) as
m → 0. Such a solution always exists and we shall refer to it as the effective drift velocity.
We can then consider the solution in a m-expansion (which is also a derivative expansion),
uµ = uµ(0) +mu
µ
(1) +m
2uµ(2) + . . . (4.10)
Using this we can solve (4.6), recursively to any order we need. For instance,
uµ(0) =
1
2B
εµνλFνλ
uµ(1) =
1
B
(
1
2
εµνλFνλ(1) − B(1)uµ(0)
) (4.11)
where
F (1) = d(u
I
(0)eI) = 2∂[µ
(
aν] + εν]
λEλ
B
− 1
2
E2
B2
nν]
)
B(1) = εµν∂µaν − 1
4
E2
B2
εµν(dn)µν − ∂µ
(
Eµ
B
) (4.12)
where Eµ = Fµνe
ν
0. Similarly, at any given order O(m
k), (4.6) is algebraic in uµ(k) (but de-
pends on derivatives of uµ(i<k)) and hence can be solved recursively. In this work we shall
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only need the uµ(0) solution for comparison with [11] (see Appendix A).
We can now write down a Chern-Simons term for a single-constituent Galilean system,
we simply write the usual term but for the effective gauge field A. Now we turn to the
Wen-Zee term, which was originally [1] defined to describe response to spatial curvature,
and therefore was constructed from the spatial frames eia. For instance, the torsion-free
SO(2)-connection for a two-dimensional Riemann surface is simply
ωi =
1
2
gijε
ab[ea, eb]
j (4.13)
which is defined via a Lie bracket and makes no reference to a specific derivative operator.
Recall that, since we assume that the microscopic theory is spinless9 our action cannot
depend on the background Galilean connection (3.3), so we must construct one out of our
metric data and potentials.10
We can specify a Galilean connection uniquely by specifying the extended torsion tensor
T I (2.23). When the temporal torsion vanishes dn = 0, we can invariantly set T I = 0 (see
Sec. 2.4 [10]), which determines the completely torsion free Newtonian connection. This
poses two problems: (1) The Newtonian connection does not respect the shift symmetry
(3.2), as one of the vanishing torsion equations (see (2.23)) is ̟a ∧ ea = da. (2) If dn 6= 0
we can no longer set any individual components of the torsion to zero in a boost invariant
manner (see Sec. 2.4 [10]).
Thus, our strategy is to define an effective Galilean connection ω˜AB by specifying a
torsion tensor that depends on the effective drift velocity and obeys the shift symmetry by
demanding
T I(ω˜) = uIdn+ nId
u
a. (4.14)
This is a manifestly covariant equation and we can inspect components to confirm that all
explicit a dependence cancels,
 dndea + ω˜ab ∧ eb + ˜̟ a ∧ n
da− ˜̟ a ∧ ea

 =

 dnuadn
−1
2
u2dn+ da+ d(uae
a)− 1
2
d(u2n)

 . (4.15)
Thus, our effective Galilean connection ω˜AB depends explicitly only on the frames e
A and
the effective drift velocity uµ, and consequently satisfies the shift symmetry.
9The shift is nonzero even for spinless electrons, as can be seen by quantizing a spinless Schro¨dinger field
on a sphere with magnetic flux [26].
10The generalization of the Wen-Zee term to Lorentzian theories was constructed in [27].
17
Rewriting (4.8) in terms of the covariant derivative ∇˜ determined by the connection ω˜AB
we get
muν∇˜νuµ = Fµνuν (4.16)
i.e. with respect to the derivative ∇˜ the only force on uµ is due to the modified field strength
F . This is simply a manifestation the shift symmetry (3.2) of the microscopic description
which treats electromagnetic and gravitational fields on an equal footing.
The effective description of the quantum Hall system then only depends on the unique
connection ω˜AB determined by (4.14). In everything that follows we will only use this connec-
tion, so we drop the “tilde” notation and denote the connection by ωAB = ω
A
B(e
A, uµ(A+
ma)). Following (2.28) we can define the effective spin connection as
ω =
1
2
ǫABCnAωˆBC , (4.17)
which is boost invariant and transforms as an SO(2) ∼= U(1) connection under local rotations,
making it perfect for use in constructing a Wen-Zee term. One may check that it reduces
to (4.13) when considering backgrounds where u = ∂t (i.e. the electric field vanishes) and
metric curvature is purely spatial and static. When the electric field is non-vanishing this
will reproduce the corrections to Wen-Zee used to restore Galilean invariance in [11].
5 The effective action for quantum Hall systems
Using the data defined in the previous section we can now write an effective action SHall
for the quantum Hall system which has the shift symmetry (3.2), in a manifestly Galilean
invariant way: the effective action SHall is a local and covariant functional of the coframe
eA, the effective gauge field A = A+muIe
I and the effective Galilean connection ωAB.
To do this explicitly, let us select a power counting scheme and proceed with the con-
struction order-by-order. For purposes of comparison, we will adapt the scheme of [11]. The
only dimensionful constants are the magnetic length ℓB =
√
~c
|e|B
and the cyclotron frequency
ωc =
|e|B
mc
. Terms are organized as an expansion in a small parameter ǫ which indicates the
strength of perturbations about a flat space background with constant magnetic field. Due
to the presence of a preferred time direction, we are free to select the strength of temporal
and spatial components of perturbations independently
∂t ∼ ǫ2ωc, ∂i ∼ ǫℓ−1B , δeAµ ∼ 1, δAt ∼ ǫ0ωc, δAi ∼ ǫ−1ℓ−1B . (5.1)
In this counting, the magnetic field may have O(1) variations δB ∼ ǫ0ℓ−2B (so long as the gap
doesn’t close) but the electric field is small Ei ∼ ǫωcℓ−1B . We can easily compute the power
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counting of the spin connection
ωt ∼ ǫ2ωc, ωi ∼ ǫℓ−1B (5.2)
so that the curvature R = dω is order ǫ2: δR ∼ ǫ2ℓ−2B .
To second order in ǫ, the most general action we can write is 11
SHall =
∫
d3x|e|
∑
Li
where
L−1 = ν
4π
εµνρAµ∂νAρ, (5.3a)
L0 = −ǫ(B), (5.3b)
L1 = κ
2π
εµνρωµ∂νAρ + fG, (5.3c)
L2 = g1R + g2uµ∇µB + g3∇µB∇µB + g4G2 + g5Gµ∇µB. (5.3d)
Here R = εµνRµν = 2ε
µνρnµ∂νωρ is the spatial Ricci scalar of the effective spin connection,
and f, gi are arbitrary functions of B. We have also defined the quantities
Gµ = −1
2
εµνρ(dn)νρ, G = −nµGµ. (5.4)
Note that G will vanish on any causal Bargmann geometry (n ∧ dn = 0) and Gµ will
vanish on any geometry with absolute time (dn = 0) [10], but it is necessary to consider an
unrestricted n to fully capture energy transport.
5.1 Comparison with Hoyos and Son
Let us compare the effective action (5.3) with the improvement terms of Hoyos and Son [11].
Recall that in [11], Galilean invariance is imposed by demanding invariance under “time
dependent spatial diffeomorphisms” generated by a spatial vector field ξi, where the gauge
field transforms “anomalously” under infinitesimal diffeomorphisms as
δA0 = −ξk∂kA0 −Akξ˙k, δAi = −ξk∂kAi − Ak∂iξk −mhikξ˙k. (5.5)
Under this transformation, the Chern-Simons, Wen-Zee and equation of state terms are
no longer invariant. However, [11] impose diffeomorphism invariance by hand, by including
11ǫ(B) is the equation of state term which is order 0 in power counting; we hope the reader forgives this
dual use of ǫ. Terms such as ndA and udu are at lowest order proportional to B and are not independent of
the ǫ(B) term.
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correction terms that cancel the modified transformation at every order in m. This yields
(up to O(m))
LCS = ν
2π
(
εµνλAµ∂νAλ +
m
B
hijEiEj
)
,
LWZ = κ
2π
(
εµνλ(ωHS)µ∂νAλ +
1
2B
hij∂iBEj
)
,
LEOS = −ǫ(B)− m
B
ǫ′′(B)hij∂iBEj . (5.6)
where ωHS is the choice of spin connection used by Hoyos and Son [11] given by
(ωHS)t =
1
2
ǫabe
aj∂te
b
j , (ωHS)i =
1
2
ǫabe
aj∇(s)i ebj (5.7)
with ∇(s) being the spatial derivative operator on a constant time slice.
In this picture, the O(m1) transformation of the first terms exactly cancel the O(m1)
part of the transformation of the second. There is an O(m2) part that remains uncanceled,
but if the diffeomorphisms under consideration are not too large, we have invariance to the
order being considered (specifically, they must scale as ξi ∼ O(ǫ−2)). In principle one can
continue to correct these terms order by order in m in the above way, obtaining an infinite
series in m that is totally invariant.
Comparing (5.5) with (4.1), we see that the modified diffeomorphism transformation re-
flects the fact that the gauge field used in [11] was A+ma which is not boost invariant. The
correction terms obtained by [11] compensate for the boost transformation order-by-order
in m.
On the other hand, since we use the manifestly boost invariant effective gauge field
determined by the effective drift velocity uµ, the action (5.3) has implicit dependence on m
that extends to arbitrarily high order, and is manifestly Galilean and shift invariant. We
check our approach for consistency with Hoyos and Son by expanding (5.3) in m. For details
of this computation we refer the reader to Appendix A and simply present the final results
here.
LCS = ν
4π
(
εµνρAµ∂νAρ +
m
B
E2 + 2m εµνρaµ∂νAρ
)
+ · · · (5.8a)
LEOS = −ǫ(B)− m
B
ǫ′′(B)∂µBEµ −mǫ′(B)
(
εµν∂µaν − 1
4
E2
B2
εµν(dn)µν
)
+ · · · (5.8b)
LWZ = κ
2π
(
εµνρ(ω(HS))µ∂νAρ +
1
2
∂µB
Eµ
B
+
1
2
Bεµν∂
µeν0
)
+ · · · (5.8c)
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where Eµ is the boost non-invariant electric field measured in our Galilean frame, empha-
sizing that this expansion costs us manifest Galilean invariance.
We note that, we have computed the corrections to LCS and LEOS up to O(m) on any
Bargmann spacetime. The corrections to LWZ are computed on a spacetime satisfying dn = 0
at O(m0) and arise from the fact that the effective spin connection ω we use differs from
the connection ωHS used by Hoyos and Son (see Appendix A for details) when there is a
non-vanishing electric field. The G-dependent terms in (5.3) were not considered in [11]
since they vanish when dn = 0, and the term with time derivative of B is absent since
they assume a static magnetic field. The gravitational correction to LCS has a particularly
simple physical interpretation. In a frame where a = −V dt the correction is −mνB
2π
V , the
gravitational potential energy of a mass density ρ0 = mνB
2π
; in (6.3) we compute that this is
indeed the effective mass density of the quantum Hall system. The other extra terms arise
due to Coriolis forces and torsion in the background Bargmann spacetime.
We thus see that the effective action (5.3) reproduces the results of Hoyos and Son in their
common domain of applicability, where the temporal torsion and gravitational field vanish,
and the magnetic field is static. Since our objective is to compare our effective action with
that of [11], we do not compute the O(m) corrections to (5.3c) and (5.3d). We leave this, and
the task of computing higher order m-corrections to the enterprising reader. We emphasize
again the effective action (5.3) is both Galilean and shift invariant at any order in m.
6 Linear response
As we are using an effective field theory description we can only trust results in non-
dissipative channels. We will therefore only present non-dissipative linear response results.
We shall consider linear response about a flat background (in an inertial frame) with a
magnetic field B and vanishing electric and gravitational field.
eI =

 dtdxa
0

 , T I = 0, A = Bxdy, uµ = (∂t)µ. (6.1)
Note that on the trivial background the coordinate frame ∂t and effective drift velocity
uµ coincide, so there is no difference between the components of τµI in equation (2.31) and
the covariant currents (2.35).
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If we consider one-point functions on this background using (2.30) we find
δS =
∫ [
νB
2π
(δAt +mδat)− ǫ(B)δnt + (Bǫ′(B)− ǫ(B))(δe1x + δe2y)
]
, (6.2)
which gives charge j0, mass ρ0, energy density ε0 and pressure P
j0 = νNφ, ρ
0 = mj0, ε0 = ǫ(B), P = Bǫ′(B)− ǫ(B), (6.3)
confirming that ǫ(B) is the equation of state for the incompressible quantum Hall fluid.
Calculating two-point functions is similarly straightforward. The action generates the
retarded two point functions
Gµ,νjj (x− y) =
δ2S
δAν(y)δAµ(x)
=
〈
δjµ(x)
δAν(y)
〉
+ iθ(x0 − y0) 〈[jµ(x), jν(y)]〉 ,
Gµ,νjε (x− y) =
δ2S
δnν(y)δAµ(x)
=
〈
δjµ(x)
δnν(y)
〉
− iθ(x0 − y0) 〈[jµ(x), εν(y)]〉 ,
Gµ,ijjT (x− y) =
δ2S
δhij(y)δAµ(x)
=
〈
δjµ(x)
δhij(y)
〉
+
i
2
θ(x0 − y0) 〈[jµ(x), T ij(y)]〉 ,
Gµ,νεε (x− y) = −
δ2S
δnν(y)δnµ(x)
=
〈
δεµ(x)
δnν(y)
〉
− iθ(x0 − y0) 〈[εµ(x), εν(y)]〉 ,
Gµ,ijεT (x− y) = −
δ2S
δhij(y)δnµ(x)
=
〈
δεµ(x)
δhij(y)
〉
+
i
2
θ(x0 − y0) 〈[εµ(x), T ij(y)]〉 ,
Gij,klTT (x− y) = 2
δ2S
δhkl(y)δhij(x)
=
〈
δT ij(x)
δhkl(y)
〉
+
i
2
θ(x0 − y0) 〈[T ij(x), T kl(y)]〉 , (6.4)
which we will present in Fourier space
G(k) =
∫
dnxei(ωǫx
0−kix
i)G(x), (6.5)
where ωǫ = ω + iǫ for small ǫ > 0.
The only complication in evaluating these that is not present in standard calculations is
the dependence of the action on the self-consistent frame at linear order. We then need to
solve (4.6) for the effective drift velocity perturbatively about the background (6.1). This is
easily done in Fourier space,
δui(ω, k) =
iBεij(ωαj + α0kj) +B
2eit +mω(kiαt + ωai + iBε
ijejt)
B2 −m2ω2 , (6.6)
using the shorthand α = A+ma.
We first compute the transport coefficients that reproduce results already known in the
literature as a consistency check. Then, we present new results on energy transport in the
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quantum Hall system. It is a straightforward computation to work out the electromag-
netic perturbations of the effective action SHall (5.3) about the background (6.1). A quick
calculation demonstrates that the Hall conductivity is
σxy =
ν
2π
+
(
κ
4πB
− mǫ
′′(B)
B
)
k2 +O(k3). (6.7)
We can also measure ǫ′′(B) independently by turning on inhomogeneous, static perturbations
δB in the magnetic field, where we find〈
ji
〉
= −ǫ′′(B)εij∂jδB +O(k3), (6.8)
reproducing the main results of [11].12
The parity-odd current response of the system to a homogeneous electric field Ei is deter-
mined entirely by the Chern-Simons term (5.3a) for the effective gauge field (as guaranteed
by the Kohn-Luttinger theorem [28]),13
σxy(ω, 0) =
ν
2π
B2
B2 −m2ω2 , (6.9)
i.e. 〈
ji(ω, 0)
〉
=
ν
2π
B2
B2 −m2ω2 ε
ijEj(ω, 0). (6.10)
In real space this gives
〈
ji(t)
〉
=
νωc
2π
∫
dt′Θ(t− t′) sin[ωc(t− t′)] εijEj(t′). (6.11)
We can also calculate the static susceptibility,
χ(q) = − 〈j0(0, k)j0(0,−k)〉 = − νm
2πB
k2 +O(k3). (6.12)
Both of these results match the calculations of [23].
We can also calculate the Hall viscosity ηH , the parity-odd component of the viscosity
tensor. We find
〈τxx(ω, 0)τxy(−ω, 0)〉 = iηHω +O(k3) with ηH = κB
4π
, (6.13)
as expected. We can also see the Hall viscosity in the stress response to electric perturba-
tions, 〈
τ ij
〉
= − κ
2π
∂(iEj). (6.14)
12 The results (6.7) and (6.8) were obtained from a slighly different method in [23].
13Note that here we have not taken the explicit derivative expansion, and we find that we can reproduce
the full nonlinear frequency dependence derived from (6.1). Gauge invariance guarantees that no other terms
in our effective action can contribute to current response to a homogeneous electric field.
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The charge current response to a spatial metric perturbation hij is
δ
〈
j0
〉
=
κ
4π
(
R(h)− 1
2
∂i∂ih
)
+
mǫ′′(B)
2
∂i∂ih, (6.15a)
〈
ji
〉
= −Bǫ
′′(B)
2
εij∂jh. (6.15b)
where h is the trace of the metric perturbation (which corresponds to an expansion of the
system) and R(h) is the spatial Ricci scalar. Noting that all but the first term in (6.15a)
are total derivatives,14 using the Gauß-Bonnet theorem (along with the one-point function
in (6.3)) we get
Q(Σg) = νNφ + 2κ(1− g), κ = 1
2
νS. (6.16)
which reproduces the shift in the charge of the Hall system found by [1].
Since, the effective action (5.3) couples in a Galilean invariant manner to a general
Bargmann geometry (n is unrestricted), we can explicitly compute transport induced by
varying n. We note that our definition of energy response is the same as that outlined in for
instance [29] (which does not explicitly construct transport but constructs the energy density
and current operators for a microscopic theory). Consider turning on a small inhomogeneous
Luttinger potential ΦL through n = e
−ΦLdt, we find the parity-odd current and energy
response is 〈
ji
〉
= −ǫ′(B)εij∂je−ΦL ,
〈
εi
〉
= f(B)εij∂je
−ΦL. (6.17)
that is the induced energy and charge currents are pure curl. These results are consistent
with the energy transport calculations done in [30] (which projected to the lowest Landau
level) and [6], which considered systems with rotational symmetry but not Galilean boosts.
Finally, we can similarly calculate energy currents in response to stress and strain, written
most simply in terms of the perturbed spatial metric hij
δ
〈
ε0
〉
=
g1(B)
2
R(h)− 1
2
Ph, (6.18a)
〈
εi
〉
=
Bf ′(B)
4
εij∂jh, (6.18b)
where P is the pressure of the Hall fluid calculated in (6.3). The pressure term reflects the
system’s response to expansion/compression exactly as expected, and the g1 term allows
for energy accumulation at curvature, as the term is (up to normalization) simply n ∧R.
Unfortunately as n is not a connection there is no topological quantization of the coefficient.
14Of course R = dω but ω is not gauge invariant, yielding the Gauss-Bonnet theorem.
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7 Conclusions
Starting from the assumption that the microscopic description of a quantum Hall system is
a single constituent and spinless field, we have constructed a manifestly Galilean invariant
effective action which describes an incompressible quantum Hall state, providing an expla-
nation of the results found in [11] in a manifestly diffeomorphism and Galilean invariant
manner. The assumption of minimal coupling to electromagnetic and gravitational poten-
tials along with Galilean invariance strongly constrains the form of the effective action, where
all terms are constructed out of an effective drift velocity, gauge field and Galilean connec-
tion. The construction allows us to couple the quantum Hall system to any non-relativistic
spacetime (i.e. a Bargmann spacetime) and as a result obtain energy and stress transport
coefficients. We also explicitly show that our construction reduces to that of Hoyos and
Son [11] to leading order in the mass of the microsopic field.
We constructed the effective drift velocity uµ to maintain the shift symmetry (3.2) of the
microscopic description. This construction is not unique, but other terms one could add to
the construction are at higher order in derivatives. Adding higher derivative corrections will
simply be equivalent to a redefinition of some higher derivative terms in the effective action.
One might wonder whether we could equivalently construct an action by integrating out an
arbitrary time-like vector field. We suspect that at lowest order the action is a Lagrange
multiplier constraining the arbitrary vector field to be the drift velocity, and massive fluctu-
ations will correspond to higher derivative terms in the action.
It would be interesting to construct more general systems, for instance with the micro-
scopic description being fermions directly coupled to a background Galilean connection. This
should be a simple generalization of the work presented here which we leave to future work.
While inhomogeneous electromagnetic response may be realized in experiments, it would
also be interesting to consider experimental methods to measure nontrivial geometric and
gravitational response such as non-inertial effects. In natural units the mass-to-charge ratio
is me/qe
√
c~ǫ0 = 3 × 10−30, but it is possible that materials with anomalously large band
masses and small permittivity may make these effects measurable.
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A Computation of m-corrections to the effective action
To compare our effective action (5.3) to the one found by Hoyos and Son [11], we expand
the effective drift velocity uµ defined by (4.6) in m as
uµ = uµ(0) +mu
µ
(1) +m
2uµ(2) + . . . (A.1)
and solve (4.6) order-by-order in m. The extended uI then has the corresponding expansion
with
uI(0) =


1
ua(0)
−1
2
u2(0)

 , uI(1) =


0
ua(1)
−ua(0)ua(1)

 , uI(2) =


0
ua(2)
−1
2
u2(1) − ua(0)ua(2).

 (A.2)
The zeroth order uµ(0) is just the electromagnetic drift velocity
uµ(0) =
εµνρFνρ
2B
, ua(0) =
εabEb
B
, u2(0) =
E2
B2
(A.3)
where Ea = Fa0 is the electric field measured in our frame. The effective gauge field A in
(4.3) has the corresponding expansion with
A(0) = A, A(k) = u
I
(k−1)eI for k ≥ 1 (A.4)
in particular we will need the O(m) correction which can be computed to be
Aµ(1) = uI(0)eI = aµ + εµν
Eν
B
− 1
2
E2
B2
nµ (A.5)
Using this we can compute the O(m) part of the Chern-Simons term (5.3a) for the
effective gauge field as
L−1 = ν
4π
(
εµνρAµ∂νAρ +
m
B
E2 + 2m εµνρaµ∂νAρ
)
(A.6)
The first O(1)-term is the Chern-Simons term for electromagnetic field, the second term is
the correction obtained by [11] while the third term is a mixed-Chern-Simons term between
the mass gauge field and electromagnetic fields (this term vanishes in the absence of gravity).
Using (A.5) we can compute the O(m) correction to the effective magnetic field as
B(1) = εµν∂µaν − 1
4
E2
B2
εµν(dn)µν − ∂µ
(
Eµ
B
)
(A.7)
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and thus any function of B in (5.3) can be expanded as f(B) = f(B) + mB(1)f ′(B), in
particular the equation of state term (5.3b) is
L0 = −ǫ(B) = −ǫ(B) +mǫ′(B)∂µ
(
Eµ
B
)
−mǫ′(B)
(
εµν∂µaν − 1
4
E2
B2
εµν(dn)µν
)
= −ǫ(B)− m
B
ǫ′′(B)∂µBEµ −mǫ′(B)
(
εµν∂µaν − 1
4
E2
B2
εµν(dn)µν
) (A.8)
where in the second line we have integrated by parts and discarded the boundary term.
Again, the second term is the correction term obtained by [11] and the third term comes
from non-trivial background torsion and gravitational field.
To get corrections to the effective Wen-Zee term in (5.3c) obtained by [11], we need to
compare our effective spin connection ω to the spin connection ωHS given by (5.7). For the
sake of direct comparison with [11], we restrict to the case dn = 0. We then must solve the
equation (4.14) for the effective connection. Writing in components using (4.15) we solve
dea + ωab ∧ eb +̟a ∧ n = 0
−̟a ∧ ea = d
(
uae
a − 1
2
u2n
)
(A.9)
Solving for ω = 1
2
ǫabωab gives
ω = ωHS +
[
1
4
ǫµνd(uae
a − 1
2
u2n)µν +
1
2
ǫµν∂
µeν0
]
n
= ωHS +
[
−1
2
∂µ
(
Eµ
B
)
+
1
2
ǫµν∂
µeν0
]
n
(A.10)
where in the second line we have used dn = 0 and uµ = uµ(0) from (A.3) to compute the
leading order corrections. Using this in the effective Wen-Zee term (5.3c) (and integrating
by parts, neglecting the boundary terms) we get at O(m0)
LWZ = κ
2π
(
εµνρ(ωHS)µ∂νAρ +
1
2
∂µB
Eµ
B
+
1
2
Bǫµν∂
µeν0
)
(A.11)
where the second term is precisely the correction found by [11] and the third term arises if
the choice of frame eµ0 is non-inertial. Note that since the effective spin connection differs
from the one used by Hoyos and Son only in the “time component” there are no corrections
to the Ricci scalar term in (5.3d) in agreement with [11].
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